We analyze one of the fundamental models of decoherence and quantum-to-classical transitionQuantum Brownian Motion, and show formation of a, so called, spectrum broadcast structure. As recently shown, this is a specific structure of multi-partite quantum states responsible for appearance of classical objective features in quantum mechanics. Working in the limit of a very massive central system and in a weak-coupling regime, we derive a surprising time-evolving, rather than timeasymptotic, spectrum broadcast structure, leading to perceived objectivity of a state of motion. We do it for realistic, noisy random environment, modeled as a thermal bath, and present some generalization to arbitrary single-mode Gaussian states. We study numerically the formation of the spectrum broadcast structure as a function of the temperature, showing its certain noise-robustness.
From the everyday experience, we are accustomed to perceive Nature as objective. For example a motion of an object, even if viewed from different perspectives, always appears to all the observers as essentially the same. This classical view has been fundamentally challenged by quantum mechanics as an act of observation generally changes a state of a system. 'Extracting' classical world from quantum theory has been the notorious difficulty of the theory (see e.g. [1] ) and touches such deep questions as is there any 'reality' out there [2] .
One of the breakthroughs has come with the quantum Darwinism theory [3] through realizing that: (i) observed system S always interacts with its environment E; (ii) different parts of the environment can store, after the decoherence, almost complete classical information about the system, extractable by observers. Next step has been made in [4] with moving the analysis from informationtheoretical functions directly to the fundamental level of quantum states and showing in a model-and dynamicsindependent way that there appears an objective state of the system if and only if post-decoherence quantum state of S and the observed fraction of the environment f E is of a, so called, spectrum broadcast form [4, 5] :
with {| x i } a pointer basis [6] , p i 's initial pointer probabilities, ̺ E1 i , . . . , ̺ E f N i some states of the environments E 1 , . . . , E f N with mutually orthogonal supports. This structure allows multiple observers to extract the same classical information about S-the value x i , from different fragments of E without disturbing the system, which is the basis of objectivity [3] . The process of its formation was called state information broadcasting [4, 7] and is similar to quantum state broadcasting [8, 9] .
Recently [7] such a structure was discovered in one of the fundamental models of decoherence: A small dielectric sphere illuminated by photons [10] . In this Letter we report its appearance in another emblematic modelQuantum Brownian Motion (QBM) (see e.g. [1, 11] ), which describes a harmonic oscillator linearly coupled to a bath of oscillators. From the perspective of objective properties, the model was studied in [12] in terms of an information-theoretical condition for objectivity [3] and, so called, Partial Information Plots, suggesting appearance of objective positions. However, as noted in [4, 7] the sufficiency of such tests is still unknown and here we present a deeper analysis, performed directly on quantum states. We also generalize the previous work to more realistic noisy environments, described by (mixed) thermal states rather than the (pure) ground state, which is a non-trivial generalization, and study the objectivisation as a function of the temperature. We also present some results for arbitrary single-mode Gaussian states [13] . Moreover, we have chosen not to introduce the usual [11, 12] continuum limit of the environments and a continuous spectral density function and work with a discrete family of randomly distributed oscillators. The price to pay is that at the final stage of the analysis there appear complicated almost periodic functions of time, which we were able to analyze numerically only. However, the physical picture remains clear all the time, without somewhat arbitrary choices of spectral densities (as e.g. the Ohmic one [12] ).
A surprising feature of our study is the appearance of a dynamical broadcast structure, where both the pointers | x i and the environmental states ̺ E k i in (1) keep evolving although the broadcast structure is being formed (under appropriate conditions). This is a novelty with respect to the previously discovered structures [7] , which appeared asymptotically only. As a result, what gains objective existence [4] is a state of motion rather than a static feature. We speculate that such a mechanism may be actually responsible for the objective dynamics known from everyday experience.
The model [1, 11] -The system S is modeled as a harmonic oscillator of mass M and frequency Ω, linearly coupled to the environment E, modeled as a collection of N oscillators, each of mass m k and frequency ω k , k = 1, . . . , N . The total Hamiltonian is (with = 1):
whereX,P are the system's variables,x k ,p k describe the k-th environmental oscillator, and C k are the coupling constants. The system's self-Hamiltonian we denoteĤ sys , while the k-th environmentalĤ k . The basic assumption made here is that the central system is very massive [12] : M ≫ m k for all k. This is the appropriate limit for the situation we want to study-an information transfer from the system to the environment [14] .
Unlike in the usual approaches [11, 12] , we do not pass here to the continuum distribution of the environments and to continuous spectral densities, working all the time with the discrete environment. We assume a weak coupling between the system and the environment:
and, to make the decoherence possible, a random distribution of ω k 's (cf. [15] ). This is some form of a choice of the spectral density, but we keep it discrete. Condition (3) ensures that a single environmental oscillator will not decohere the system alone [12] , which would be a trivial situation [16] . Since we are interested in collective effects, following [7] we group environments into macro-fractions-fragments scaling with the total number of oscillators N , and study their information content. The dynamics-We solve the dynamics in the massive central system limit by changing to the interaction picture through a rotation by e iĤsyst e i kĤ k t :
k e −iĤ k t and:
The last term can be neglected due to the large M , which gives the interaction picture Hamiltonian in our limit:
where we have formally spectrally decomposedX. The system's motion thus acts a as classical driving force for the environment, controlling it through H I (X; t) ≡ C k X cos(Ωt)x k (t) [12] . We solve the dynamics [17] usinĝ
† ,â are the creation and annihilation operators, ζ k (t) is a dynamical phase [17] (as we will show irrelevant for our calculations), and:
From (6) the evolution in the interaction picture resembles a controlled unitary type [7] with the system's initial position X as the control parameter. However, this is not exactly so as in (5) there appears the whole classical motion X cos Ωt, modulating each of the bath oscillators.
Spectrum Broadcast Structure-The formation of the spectrum broadcast structure (1) is equivalent to: (i) decoherence and (ii) perefect disntinguishability of postintercation environmental states. We first write down the evolved system-environment state, with traced over some fraction (1 − f )E, f ∈ (0, 1), of the environment that passes unobserved and is necessary for the decoherence:
It what follows we will first assume ̺ 0k 's to be all thermal states with the same temperature T and then generalize to arbitrary single-mode Gaussian states. About ̺ 0S we only assume that is has coherences in the positions. Although (6) is formally written with a continuous distribution of X, it in fact stands for a limit of finite divisions {∆ i } of the real line R, with |X X| approximated by orthogonal projectorsΠ ∆ on the intervals ∆ (see e.g. [19] ). We obtain from (6):
where f N denotes the number of observed oscillators, X ∆ is some position within ∆, and:
the latter being the decoherence factor due to the traced fraction (1−f )E of the environment. It governs vanishing of the off-diagonal part in (9) in the trace-norm [7] and is the same in the interaction and Schrödinger pictures as in the later the free evolutions e −iĤ k t cancels out under the trace in (11) . A compact formula for a general initial state ̺ 0k is possible, using the fact [20] that any state always possesses the, so called, Glauber-Sudarshan Prepresentation if one allows for distributions, i.e one can always write ̺ 0k = (1/π) d 2 αP k (α)|α α|, where |α are the usual coherent states [18] and P k is in general a distribution. One thus obtains a general expression for |Γ X,X ′ (t)| as a double Fourier transform of the Prepresentation [17]:
where:
(the dynamical phases ζ k (t) from (7) disappeared due to the modulus). For thermal states at temperature T ,
2 )/n k ,n k = 1/(e βω k − 1), β ≡ 1/k B T and the corresponding decoherence factor is given by the well known expression [11] :
where cth(·) is the hyperbolic cotangent [21] . Due to discrete and random ω k 's, in our study |Γ X,X ′ (t)| is an almost periodic function of time [22] . We analyze it later.
Next, we turn to the diagonal part in (9), reverting the continuum limit. We group the observed environment f E into M macro-fractions of an equal size N/M oscillators each [7] and show that the post-interaction states of each macro-fraction (cf. (10)) ̺ I mac (X; t) ≡ k∈mac ̺ I k (X; t) become perfectly distniguishable for different X (k ∈ mac means k running through the oscillators in a given macro-fraction mac). We use the generalized overlap [23] :
as the most convenient measure of distinguishability (cf. 
] measures distinguishability of the initial positions X, X ′ recorded in a macro-fraction. Note however that ̺ mac (X; t)'s depend not only on X but to some extend on the whole motion, as explained after (8) .
Numerical analysis-Both |Γ X,X ′ (t)| and B mac X,X ′ (t) are almost periodic functions of time with the same time dependence (13), too complicated for an immediate analytical study and in this work we analyze them numerically only. For that we assume that the coupling constants C k depend only on the masses [12] :
, where γ 0 = 1/3 s −2 is a constant. The central system parameters are M = 10 −5 kg, Ω = 3×10 8 Hz, while ω k 's are uniformly randomly distributed in the interval 3 . . . 6×10
9 Hz to satisfy (3). We set (X − X ′ ) 2 to unit. We assume a symmetric situation, where the size of the traced macro- (14) is the same as the size of the observed one mac in (16). Intuitively, for large enough macro-fractions for a given T , |Γ X,X ′ (t)| and B mac X,X ′ (t) should decay rapidly and have small typical fluctuations due to the large amount of random phases in (13), indicating decoherence and perfect distingushability. This is confirmed in Fig. 1. From Figs. 1b,d we see that for 30 oscillators both functions decay rapidly, while for 10 oscillators although |Γ X,X ′ (t)| decays, B mac X,X ′ (t) does notthe macro-fraction is too small.
We further analyze (Fig. 2 ) the time averages
dtB mac X,X ′ (t) as functions of the temperature T with τ taken large (∼ 1s) so that the averages well stabilize. Since both functions are non-negative, the time averages approaching zero is a good indicator of the functions themselves being practically zero. First, we note that from (14,16) and Fig. 2 , lim T →∞ |Γ X,X ′ | (T ) = 0, i.e. hot environments decohere the system better, but as lim T →∞ B mac X,X ′ (T ) = 1 they are unable to discriminate positions of the central system, irrespectively of the observed macro-fraction size. This reflects the fact that hot environments are too noisy (the initial states ̺ 0k are too close to the maximally mixed state) to store any information (cf. (10)).
From Fig. 2a one sees that in the chosen parameter range there is no formation of the broadcast state for the macro-fraction size of 10 oscillators: While |Γ X,X ′ | ≈ 0 (the lower trace) for T ≈ 10 −1 K (cf. Fig. 1a) , B mac X,X ′ ≈ 0.6 (the upper trace; cf. Fig. 1c) . The state decoheres, but at too high a temperature for the given macrofraction size to store a perfect record of the system's position. From (9) , the post-interaction partial state is of a, so called, Classical-Quantum (CQ) type then [9] . However, increasing the size to 30 oscillators both traces become practically zero up to T ≈ 10 −2 K, as one sees from Fig. 2b (cf. Fig. 1b,d ). This serves as a numerical evidence of formation of the broadcast structure (1), and hence objectivisation [4] , in the Quantum Brownian Motion model in the massive central system limit, and is the main result of this work.
Dynamical Objectivity-Let us assume that spectrum broadcast structure is formed, i.e. both |Γ X,X ′ (t)| and B mac X,X ′ (t) approach zero. Rotating back (9) to the Schrödinger picture by e −iĤsyst e −i kĤ k t we again obtain a spectrum broadcast form as |Γ X,X ′ (t)| and B mac X,X ′ (t) are identical in the interaction and Schrödinger pictures (taking the usual continuum limit of the sum):
where |X(t) ≡ e −iĤsyst |X , we have grouped f E into the M macro-fractions, and ̺ mac (X; t) ≡ k∈mac e −iĤ k t ̺ I k (X; t)e iĤ k t have orthogonal supports (for large enough t; cf. e.g. Fig. 1d ). What appears in (17) is a novel, compared to the previous studies [4, 7] , dynamical spectrum broadcast structure. The pointer basis {|X(t) } is now rotating on a time-scale t ∼ Ω −1 , rather than being fixed as in (1), and an evolving spectrum broadcast structure is formed with the reference to these rotating pointers. The pointers are now states of motion (4) rather than static positions and this is so due to the inclusion of the self-Hamiltonian of the system in (2). Traces of this motion are present in the environment not only through the initial positions X: ̺ mac (X; t)'s depend also on e.g. Ω (cf. (13,16) ).
General Gaussian Initial States-We recall [13] that an arbitrary single-mode Gaussian state can be parametrized as follows:
whereŜ(ξ) ≡ e 1 2 (ξ * â2 −ξâ †2 ) is the squeezing operator with ξ ≡ re iθ , and ̺ T is some thermal state. Parametrizing each ̺ 0k as above and inserting into (11) we can shift under the trace all the three operators in (18) toÛ I k (X; t). Since the latter is a displacement (7), we obtain again a displacement but with a modified argument-instead of α k (t) given by (8), we now have:
The same reasoning applies to (15) . Thus, for a general Gaussian states of the environment it is enough to substitute |α k (t)| 2 in (14,16) with the above |α k (t)| 2 . A study of such states will be carried elsewhere.
Conclusions-Summarizing, we have shown the appearance of a time-evolving spectrum broadcast structure in Quantum Brownian Motion model with a massive central system and in a weak-coupling regime. Such an evolving structure leads to, what we call, a dynamical objectivity, where what becomes objective is a state of motion rather than a static property, in accord with [12] . We have considered realistic, thermal environments and studied numerically the noise robustness as a function of the temperature.
It would be very desirable to obtain analytical estimates on the timescales of decoherence (as e.g. in [15] for spin systems) and orthogonalization. The complicated nature of (14, 16 ) makes this a difficult task, where possibly central limit theorem and other methods of almost periodic functions [22, 24] could help.
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SUPPLEMENTAL MATERIAL Evolution operatorÛ I (t)
Here we calculate the evolution operatorÛ
We use the standard decomposition:
where ∆t ≡ t/n, t r ≡ r∆t. Direct calculation of the exponent series gives for each infinitesimal time step ∆t:
† e iω k t ) withâ † ,â being the creation and annihilation operators for the k-th environmental oscillator, we further obtain:
with
Thus, from (23, 25, 26) in each infinitesimal time step, the sate of each of the environmental oscillators is rotated in the phase space by e iω k t and displaced along the classical trajectory of the unperturbed central oscillator X(t) = X cos Ωt, conditioned on the initial position X. Inserting the above into (22) gives:
To calculate the string of the displacement operators we use repeatively the composition law:
and obtain:
Now we are ready to take the limit n → ∞, resulting in ∆t → 0, n∆t = const = t. For the displacement operator (30) the limit can be moved inside the argument so that:
which we call α k (t) in the main text.
For the dynamical phase factor (31) we obtain:
where in the first step we summed the finite geometric series and in the second step used n∆t = t and de l'Hôspital rule. This gives the desired dynamical phase:
Thus, finally:
with ζ k (t) and α k (t) given by (38) and (33) respectively. Formally this evolution looks like a controlledunitary type with the system controlling each environment through its initial position X, which is the result of theXx coupling in the interaction Hamiltonian (20) . But ζ k (t) and α k (t) depend on more details of the possible classical motions of the central oscillator, e.g. the frequency Ω.
Decoherence factor |Γ X,X ′ (t)| for arbitrary states
We calculate the modulus of the decoherence factor:
where we used (39). We immediately see that the dynamical phase factor drops out due to the modulus. We focus on a single term in the product and for a moment drop the explicit dependence on the environmental index k. Arbitrary state can be written using P -representation:
where P is in general a distribution from a specific class [1] and |γ ≡D(γ)|0 are the standard coherent states. We insert this into (42) and perform formal calculations, neglecting the fact that P is in fact a distribution: 
where we used twice the composition law (29). Performing the simple algebra in (44), we finally obtain:
Generalized overlap B mac X,X ′ (t) for thermal states
Here we calculate the generalized overlap
where ̺ mac (X; t) ≡ k∈mac e −iĤ k tÛ I k (X; t)̺ 0kÛ I k (X; t) † e iĤ k t (48) and
We have chosen the above measure of the perfect distinguishability of states [2] due to its convenient scaling with the tensor product in (48):
so that it is enough to calculate the generalized overlap for a single environment. Dropping the explicit dependence on the environmental index k and denoting a single-system overlap by B mic X,X ′ (t) we obtain: B mic X,X ′ (t) = tr √ ̺ 0Û I (X ′ ; t) †Û I (X; t)̺ 0Û I (X; t) †Û I (X ′ ; t)
where we have pulled the extreme left and right unitaries out of the both square roots and used the cyclic property we again use the Fock expansion (57) for ̺ th 
where we have used the definition of η t (53) andn = 1/(e βω − 1). Coming back to the generalized overlap for macro-fraction states (47) with a help of (50), we finally obtain the desired result:
(73) with α k (t) given by (33).
